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Abstract
The bubbly cavitating ﬂow generated by a lithotriptor is computed using an ensemble averaged two-phase ﬂow
model. The time-dependent, compressible ﬂow computation is divided into two separate calculations: the
refocusing of a spherical pulse by an ellipsoidal reﬂector, and the evolution of the steepening wave including
the cavitating bubble cloud it generates. The ﬁrst computation is single phase and is done in prolate
spheroidal coordinates in order to have the surface of the ellipsoidal reﬂector aligned with the computation
grid. The output of this simulation is then fed to the two-phase cylindrical coordinates domain. Preliminary
results and qualitative comparison to experimental observation are presented.
1 Introduction
Extracorporeal shock wave lithotripsy (ESWL) is a medical procedure used to break kidney stones into
fragments small enough for natural elimination. The treatment consists of ﬁring a sequence of focused shock
waves into the kidney. A drawback of this approach is that the shock waves can damage the surrounding
tissue (Coleman & Saunders 1993; Connors et al. 1996; Willis et al. 1999, 2000). Subcapsular hematomas
(bleeding inside the kidney) as well as morphological changes in the kidney are typical side eﬀects of ESWL.
Moreover, the procedure may leave small stone fragments behind which then can act as nuclei for the
generation of new stones. Many aspects of ESWL remain unclear. For example, it is commonly postulated
that cavitation induced by the shock wave is responsible for the stone comminution but this remains unproven.
The mechanisms responsible for tissue damage are also ambiguous. Both in vitro and in vivo experiments
have been conducted to attempt to correlate tissue damage with lithotriptor parameters (strength of shock
wave, number of shocks, frequency of repetition and shock waveform) as well as the presence of cavitation
(Sapozhnikov et al. 2001; Lokhandwalla et al. 2001). From the theoretical stand point, hypotheses have
been formulated regarding possible damage mechanisms to the cells stemming from the nearby presence of
cavitating bubbles (Lokhandwalla & Sturtevant 2001). If the mechanisms for stone comminution and tissue
damage can be clariﬁed, it may be possible to tailor the lithotripsy pulse to optimize its potency while
minimizing the damage to the patient.
In order to shed light on the results obtained from experimental lithotriptors, a numerical simulation
study is currently in progress. The purpose of the computations is to provide a clearer picture of the
progression of the shock wave and the evolution of the cloud of cavitation bubbles it generates. Using the
code that we developed, we expect to test some of the hypotheses that have been brought forward with
regards to the role of cavitation in stone comminution.
As seen from high speed photography of experimental lithotriptor, clouds of bubbles form near the focal
point of the ellipsoidal reﬂector. Previous attempts in numerical modeling of this bubble cloud consisted for
the most part in the time integration of the dynamics of a single bubble in an otherwise spatially uniform
media (Rayleigh–Plesset or of a similar model). The experimentally measured time history of the pressure
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ﬁeld (in vitro) is used as input to the computation (Songlin & P. 1999; Bailey et al. 1999; Cleveland
et al. 2000; Howle et al. 1998). These results are then compared to that of passive cavitation detectors
(PCD). However, the presence of a solid object near focus (such as a stone) can signiﬁcantly change the
period between bubble collapse as measure by a PCD (Lokhandwalla 2001). On a more general note, cloud
cavitation has been shown to play a signiﬁcant role in the overall dynamics of bubbly mixture (Wang 1999,
1999; Kumar & Brennen 1993).
The purpose of this paper is to report our progress on the numerical modeling of lithotripsy. Using a
combination of the bubbly continuum model and a shock capturing scheme we are able to compute the
evolution of a spherical pulse, its reﬂection oﬀ an ellipsoidal mirror and the cavitation ﬁeld generated by the
focusing shock wave. Preliminary results and a qualitative comparison to experimental observations are also
presented.
2 Modeling
2.1 Physical aspects of lithotripsy
An electrohydraulic (or spark-gap) lithotriptor is depicted schematically in ﬁgure 1. An expanding spher-
ical wave is generated by the spark and is redirected by the ellipsoidal reﬂector. A typical experimental
measurement of the pressure trace at the focal point of the reﬂector is shown as part of ﬁgure 4.
As the reﬂected part of the pulse converges towards the focus, its amplitude becomes large enough that
it steepens into a shock wave. As a consequence of the reﬂection and focusing, a short period of tension
in the liquid is generated resulting in cavitation. Bubbles form in a narrow region as seen in the following
sequence of snapshots (ﬁgure 2) of a cavitation cloud. From these pictures, the bubbles reach a maximum
size of the order of 1 mm.
2.2 The continuum model
We consider a continuum bubbly ﬂow model which is based on the work of Zhang & Properetti (1994a),
(1994b). The governing equations for the average property of the bubbly mixture are obtained by en-
semble averaging over all possible bubble locations and states (ie radius, rate of expansion, amount of
non-condensible gas). The equations are then simpliﬁed for low void fraction. Within the approximation of
the equations used in this work, the model is similar to the one obtained from the analysis of Biesheuvel
& van Wijngaarden (1984). Only a brief discussion of some of the important assumptions of the model is
presented here.
The derivation of the bubble model assumes that its interior remains thoroughly mixed and of uniform
temperature, which is equivalent to the neglect of heat transfer and diﬀusion of the vapor into the non-
condensible gas within the bubble. Furthermore, the model is based on the assumption that the void
fraction remains small, consequently direct bubble–bubble interactions are ignored. Bubbles inﬂuence one
another by changing the void fraction of the phase averaged mixture. The local state of the mixture phase is
used for the far ﬁeld condition seen by a bubble. These approximations are valid provided that the mixture
remains dilute and length scales associated with the variation in the average mixture remain large compared
to the bubble size. As seen from the previous experimental work (Cleveland et al. 2000), bubbles can reach
a size which is much larger than the length scale associated with the lithotripsy shock wave. A realistic
model should therefore be able to account for this feature. We are currently working to include this eﬀect
into the bubble model, however, the model used in this work does not yet account for this eﬀect.
As it can be expected from the intensity of the tensile (negative pressure) part of the lithotripsy shock
wave, the bubble ﬁeld undergoes explosive like expansion followed by violent collapse. Under collapse,
diﬀusion eﬀects can no longer be neglected. In addition, the violence of the collapse is likely to cause
bubble ﬁssion and consequently to absorb energy and change the quantity of non-condensible gas present
in the bubbles. Modeling bubble ﬁssion present a challenge for future work. Some preliminary results are
presented by Brennen (2001).
In the derivation of the mixture model, ensemble averages of functions of the states of the bubble ﬁeld
are required. At this stage of our work, we have further assumed that the probability distribution of the
bubble states is narrowly peaked around the average values. As a consequence, only the averaged states of
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the bubble ﬁeld needs to be computed. However, it can be shown from experimental results that the bubble
size does ﬂuctuate from the ensemble averaged value. We are also currently working the implementation of
a probabilistic model for the disperse phase.
3 Numerical method
In order to simulate a realistic lithotriptor, the generation of the pulse by the spark and ellipsoidal reﬂection
as well as the cavitation in the focus region are treated. Since we are interested only in the cavitation
occurring in the neighborhood of the focus, we have divided the computational domain into two parts:
a pure liquid domain using prolate-spheroidal coordinates and a bubbly mixture domain using cylindrical
coordinates. Both domains are treated as axisymmetric with respect to the focal axis.
The various boundary conditions for this work are shown in ﬁgure 3. The non-reﬂective boundary
condition used here is similar to the one used in Thompson (1987), and Poinsot & Lele (1992). The artiﬁcial
buﬀer zone is a combination of a non-reﬂective boundary condition, mesh stretching and ﬁltering. This
approach follows the work of Colonius et al. (1993). The centerline treatment was based on the work of
Mohseni & Colonius (2000).
A compact fourth order Pade ﬁnite diﬀerence scheme was used in the pure liquid domain to provides a
high accuracy for the spatial derivatives. However, as the reﬂected part of the initial spherical pulse steepens
as it converges towards the focus, ﬁnite diﬀerence methods progressively generate high frequency error. To
alleviate this problem, we employed a third order ﬁnite volume Essentially Non-Oscillatory (ENO) scheme in
the cavitation domain. Since the shock wave travels mainly in the x-direction, the ENO scheme was used to
calculate the ﬂuxes in that direction only and the compact ﬁnite diﬀerence was used in the radial direction.
The implementation of the ENO scheme is similar to that of Harten et al. (1987), Shu & Osher (1988),
Harten (1989). A notable feature of our implementation is the assumption of constant void fraction for the
purpose of calculating the Jacobian of the mixture ﬂuxes. This not only facilitates the implementation of
the algorithm but also allows for the implementation of a more sophisticated model for the bubble dynamics
(statistical distribution of the bubble state).
An explicit ﬁfth order Runge–Kutta time marching scheme was used in the reﬂector domain. Because of
the stiﬀness of the bubble dynamics, a Kaps–Rentrop adaptive time marching scheme was required for the
cavitation part of the calculation.
Because of space restrictions, only a brief description of our numerical model has been presented here. A
more detailed version will be made available in a forthcoming PhD thesis.
4 Results
4.1 Initial condition
For the cavitation domain, the initial bubble number density and initial bubble radius are needed as well
as ﬂuid properties. The initial bubble size is too small to be measured directly from experiments. A priori
estimates must be validated by comparing parameters such as maximum bubble growth and time between
bubble collapses to experimental observations. Based on earlier calculations, we estimate the initial bubble
radius to be of the order of 1 − 10µm which is in accordance with values used by other investigators. A
value of 1µm was used for the calculations presented in this work. The initial bubble number density
is comparatively easier to estimate. Based on high speed photography of cavitating bubble cloud in a
laboratory lithotriptor, Bailey (1999) estimated a value on the order of 75 bubbles/cm3. Some preliminary
calculations were performed using this value but was found to generate void fractions beyond the capabilities
of our model. In view of this limitation a revised value of 7.5 bubbles/cm3 was used in these preliminary
calculations. This value leads to realistic values of the maximum observed bubble radius.
The ﬂuid properties (density, vapor pressure, viscosity, surface tension) required for the calculation were
taken to be those of water at standard atmospheric conditions. The Tait equation of state for water was
used.
As mentioned above, an initially spherically expanding shockwave is generated at the spark gap. A
detailed modeling of the shock generation is beyond the scope of the present work. We rely in part on the
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initial pulse used in the works of Christopher (1994), and Averkiou & Cleveland (1999). However, as noted
above, the reﬂector domain is computed using prolate-spheroidal coordinates in order to accurately represent
the geometry of the elliptical reﬂector. Shock capturing in this coordinate system is an additional challenge
not yet met. Therefore, in preliminary work we have used a smoother version of the initial waveform. Our
working assumption is that it is possible to ﬁnd a smooth initial pulse for which shocking is delayed until
the pulse reaches the cavitation domain (which is ﬁtted with the ENO scheme), but which has essentially
the same pressure proﬁle just upstream of the focus. Figure 5 compares the pressure time history for our
smoothed initial pulse at 1 cm away from the origin with those from previous studies.
As can be seen in ﬁgure 5, the initial condition is a pure positive pressure pulse. Consequently, a non-zero
far ﬁeld velocity proﬁle must be prescribed in order to assure a purely outgoing wave. However, because of
the presence of the reﬂector, it is not possible to have the velocity ﬁeld extend to inﬁnity, and we truncate
the initial condition at the surface of the reﬂector. Because of this limitation, the prescribed initial wave
also has a radially inwardly propagating component. This has the consequence of producing, near the focus,
an exaggerated region of negative pressure in addition to the negative pressure produced (correctly) by the
edge wave.
4.2 Preliminary results
In order to gauge the eﬀect of cavitation on the propagation of the pulse, the computations were ﬁrst carried
out without the presence of bubbles. Contours of the pressure ﬁeld are shown in ﬁgure 6 at several instants
in time. From these results, it is apparent that the largest contribution to the tensile phase of the pressure
measured at focus arises from interaction of the direct wave and the edge of the reﬂector.
Figure 4 shows the comparison between the numerical and experimental pressure traces at the focal point.
The diﬀerences between the non-cavitating and experimental waveforms can be attributed to the smoothness
and width of the initial pulse. Both of these eﬀects have made the focusing region wider and hence of lower
intensity but the general features of the lithotripsy pulse are present.
The introduction of the cavitation in the second domain generated signiﬁcant diﬀerence in the focusing
of the shock wave as can be seen in ﬁgure 6. The presence of the bubble ﬁeld in front of the reﬂected wave
attenuates its focusing. Consequently, a lower maximum peak pressure is achieved at focus. The cavitation
also changes the propagation of the wave coming oﬀ the edge of the reﬂector. Figure 4 shows in greater
detail the impact of the cavitation on the pressure time history at the focus. It is possible that the cavitation
generated by the exaggerated region of negative pressure (an artiﬁcat of the initial condition) defocuses the
wave.
Cavitation is concentrated in a band of approximately 20 mm wide band along the path of the shock
wave as seen in ﬁgure 7. This value is larger than typical experimental values (approximately 12-15 mm).
This discrepancy can be attributed to diﬀerences in the initial pulse.
Bubbles reached a maximum size of 1.3 mm in our calculations which is comparable to values observed
in experiments. The lifetime of the bubbles varies between 250 to 500 µs. This is in accordance with
experimental measurements. In the initial phase of the bubble cloud collapse, a collapse front moves from
right to left (ﬁgure 7) while in its ﬁnal phase, the cloud collapse in an ellipsoidal fashion.
From ﬁgure 7, it is surprising to ﬁnd the void fraction one order of magnitude smaller in a region 4 mm
wide and 30 mm long centered at the focus. At this stage, we are unsure if this is a consequence of our
particular choice of initial conditions or is a phenomenon that occurs naturally in lithotripsy. Since this
region is shielded by a shroud of cavitating bubbles, it would hard to establish its existence from empirical
observations.
Because of the bubble model used in this work, the bubbles grow back to a signiﬁcant size after the main
collapse. This is contrary to what has been previously observed in experiments. This would suggest that
additional damping mechanisms become signiﬁcant during bubble collapse and, more likely, bubble ﬁssion
is occurring.
Based on our preliminary results, it is clear that an accurate representation of the initial wave generated
by the spark gap is important in order to closely match experimental measurements. A steeper pulse will
result in a more conﬁned beam than shown here. Furthermore, an improved model of the initial wave will
reduce the tensile tail seen behind the shock wave. This will in turn diminish the cavitation, change the
propagation of the edge wave and its interaction with the shock wave.
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5 Conclusions
In this paper, we have presented our approach and preliminary results of numerical simulation of lithotripsy.
Our computations shares many similarities with previous experimental results. Improvements in the initial
conditions and mesh convergence studies are still required to validate our results against experimental ob-
servation. However, at this stage we are able to notice interesting features within the cloud such as a region
of reduced cavitation around the focus.
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Figures
Figure 1: Diagram of reﬂector and spark generator
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(a) 222µs (b) 296µs (c) 370µs (d) 444µs
(e) 519µs (f) 593µs (g) 667µs (h) 741µs
Figure 2: Snapshots of a bubble cloud near the focus generated by an electrohydraulic lithotriptor. Courtesy
of Michael R. Bailey, Center for Industrial and Medical Ultrasound, Applied Physics Lab, University of
Washington, Seattle.
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